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Definition of Vector
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Definition of Vector
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Notes

e LUAJYANN Vector ANIAUIALRLNANIY LI
ghusatdau Vector tilugaggiu
— ruauaunuingrIel Scalar
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Vector Operations
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Addition and Substraction

1.2 n1uIniazauvad Vector: Triangle Law of Addition
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ANTUsveNE LU tu Plane
Geometry

Example 1.1 1nautiaey ABCuaz DBE ﬁagﬂﬁ 1.6 91983 aimualsn DB =(2/5)4B, uaz
BE =(2/5)BC asiignih DE // AC uaz DE = (2/5)AC ndniie ABC waz DBE damion

(@319 (Similar Triangle)
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Example 1.1 9nanviaey ABC uaz DBE ﬁagﬂﬁ 1.6913a13 anmualn DB = (2/5)AB, uaz
BE =(2/5)BC wdignit DE// AC waz DE = (2/5)AC ndide ABC uaz DBE fhuanamiasy

(3o U (Similar Triangle)
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DE =DB+BE =2AB+2BC =2(4AB+BC)=2AC
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gﬂﬁ 1.7 Parallelogram
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Component Vector

gﬂﬁ 1.11 Component Vectors Ui F




Component Vector In
Cartesian Coordinate

1.4 Vector in Cartesian Coordinate

g =t : 1 e q 3 B =1
Tunsdluad Vector 14 R* na1nfaly 3-Dimension 15114 Right-Handed System 1uM3 e Coordinate
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Component Vector In
Cartesian Coordinate

e AA15au0 Vector F Tu R3 vi%a 3 b
Usgnauala F,, F,), F; sa&unsacdiau

— F — Fli + F2j+F3k




Component Vector In

Cartesian Coordinate
- F — Fli + F2j+F3k
e AANNAA F dgdrullsenauuuaidnny

e RS IUNT5LAIN Component
Vector z




Position Vector

e 31U Space gusaugadlalaale Vecto
31310 Origin
— anaL3an Location Vector 3a Radius Vector
— 36 P ugas'laiaalad Vector OP
— uasahusaudaelalaaled Component Vector
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Position Vector way
Addition-Subtraction using
Component Vector

A=4i+4,j+4k,B=Bi+B,j+Bk AtB=(4+B)i+(4,£B,)j+(4£B,)
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Position Vector
Position Vector: I' = position vector of P(.T vIo)r=xi+yj+:zk, ‘l‘ = \J."Ixz T }»‘2 +2°

NMA=Ai+4j+ A4k wz:B=Bi+Bj+Bknld
A+B=(4 +B)i+(4 +B,)j+(4 + Bk

Distance Between
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— Vector Product shunsasuianletuuiu
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— Vector MiAaan&adanlu Space 11150
AUl leann Position Vector 11




N\

ey

i = o i = A ar
Example 1.3 D13HIAUNTHETUATI !ﬂﬁ]ﬂWﬂHﬂﬂ“ﬂﬂﬂlﬁﬂﬂi AAZNFTINNUVDUTHATIUY
o = =: = 1 o .. = ! ::3)' = q —
Mean M913019103UN 1.8 aayAd1gn O W Origin uazyn 4 dugavuduasiidesans Tasli O4=a

WVar =

- 2 - - 3 :
NANIIVDILTUAT ﬂE]ﬂﬂ’I‘I’i’H*ﬂ l@8 Unit Vector W 3181313 9H 1WA UAT dhlﬂ*ﬂdﬂ

O

]Jﬁ 1.8 fT‘?Hﬂﬁlﬂilﬂ‘iﬂmﬂﬂ']ﬁuﬂﬂﬂ!m NANIG

] . - — 24 = = = o !
Amuaga P iz ldannduasi fia Vector OP = r Faazilasu il P alasudumis vazaz

1 5 = 1 =11 1o T T ~
siiy a 1 P wegian 4 Asiudli 7 1iua Scalar HAwhAvuma AP 15114 AP = ra uazain

al -::._:Ll' :& o ar a 1
OP =04+ AP 5114 r = a + ru uazduaynsiduasanaoin1s auaaianyduiuiszyig 7 uaz r
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Any vectors In Cartesian

Coordinates
e Glven 2 Points, P(x1,yl,z1) and
Q(x2,y2,z2)
— We have CP+PQ=0Q
— Then PQ = CGQ — OF
e PQ = x2i+y2)+z2k — x1li+ylj+z1k
e PQ =(x2-x1)i+(y2-y1)j+(z2-z1)k
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Any vectors In Cartesian
Coordinates
e Glven 2 Points, P(x1,yl,z1) and
Q(x2,y2,22)
— PO =(x2-x1)i+(y2-yl)j+(z2-z1)k
— Also magnitude or length of vector Is the

distance between those 2 points (Euclidian
Distance)

e PQ = V(x2-x1)2+(y2-y1)2+(z2-21)2
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Direction Cosine/Ratio

e Vector & usatdautilugavaruldsgnau

A=|Aa

—AU1A §1U15011 16918 Asel Position Vector

— NANIY Aa Unit Vector NANEANIILAEIAUNL
Vector 1Uu

e iy fsawantilu Component Vector vuiaiag
wnulase

e MANIRUITAMKRUAGIANUNAVINAULARSLLAU AR

Magaduuudl &UWUSAUNIINITNUTLA TaAITANKRUR
faeA1 Cosine waduu 13en Direction Cosine




Direction Cosine

e Position vector OP
— Magnitude equal to OP = Vx2+y2+272
— Direction: cosal+cosf3j+cosyk
e Called Direction Cosine

F=0P= Fi+ F j+ F.k = OPcosai+ OPcos fj+ OPcos )k = OP(cos ai + cos fj + cos k)

We have
cosa—=F,/0P
cosp=F,/0P




Direction Cosine and
Direction Ratio

¥
o

= gy [] ] = o y
g Veetor F = OP = Fi + F,j+ EK fiftmas Vector annsoiniua 1010 Direction 1231
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1 E’ 0 W o Lg.-:l
N a, B,y anddy ani
i

F :@:Ei+Fjj+ﬂk =OPcosai+OPcos fj+ OPcos ’k = OP(cosad + cos fj + cos k)

| =l v | ' " =
A1 08,08 3,08 7 (387 Direction Cosine 183 Vector F dunat cosed + cos ] +cos 7k azapay
w -:i! o b 3 .3 ] ;
Unit Veator A3t 14 cos® ¢z +cos” f+cos” y =1 wonnmimdcosa =/ F, cos f=F,/ F.

iz cosy =F,/F




Direction Cosine and
Direction Ratio

: = 1 ‘ :1:? =t ‘
sasasdemsdsuliagligldandvasimmnudnnaniizy Cosine Tunsaithsdioulugives |
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[ i 1
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1 -=v%'I = g = =, = = 2
#1715 1390 Direction Ratio 1uAivaiwan[F, F,, F,] 1739070 Direction Ratio 194 F ’




Example

e Given points P,(2,-4,5) and P,(1,3,-2),
find the vector P,P, and its magnitude
and direction
— 0P, = 21-4)+5k and OP, = 1+3j-2k
— P, P,=0P,-0OP,=-i+7j-7k
— P,P, = V1+49+49=+99
— Cos o = -1/499 then o = 95.8 degree
— Cos B = 7/499 then B = 45.3 degree

s y = -7/N99 then y = 134.7 degree




Direction Cosine and
Direction Ratio

=1 & R
'ﬂ’l‘iilﬂ g8l Direction Ratio Lﬂ‘IJ_ Direction Cosine ‘ﬂ’lhlﬂ lﬂEﬂ‘H
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fz + H.'z +n = /'1’.-2 L8l Direction Cosine *’ﬂzl‘ﬂ‘u

[ mn n

[ 12 2 IR P 2 27 [ 2 2
N +m +n N +m +n A +m +n

EX. 94113)171n5 211171 Coordinate &1 uiduiamainya P(LL1) uaz O(3,-2.4)




Next Week

e \Vector Product
— Scalar Product(Dot)
— Vector Product(Cross)

e Chapter Il: MATRICES
e HW II
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Today Topics

e Chapter 1 Cont.
e Break
e Chapter 2: Matrix

e Download Homework 1: Chapter 1
— Due Next Week
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Component Vector

gﬂﬁ 1.11 Component Vectors Ui F




Component Vector In
Cartesian Coordinate

1.4 Vector in Cartesian Coordinate

g =t : 1 e q 3 B =1
Tunsdluad Vector 14 R* na1nfaly 3-Dimension 15114 Right-Handed System 1uM3 e Coordinate

1 & o o =1 = = [ =1 = . #
Vodlnu x, v, = AR AN Mz TRaNuAa =AUl Unit Vector 1134 1,‘].,1{
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Component Vector In
Cartesian Coordinate

e AA15au0 Vector F Tu R3 vi%a 3 b
Usgnauala F,, F,), F; sa&unsacdiau

— F — Fli + F2j+F3k




Position Vector

e 31U Space gusaugadlalaale Vecto
31310 Origin
— anaL3an Location Vector 3a Radius Vector
— 36 P ugas'laiaalad Vector OP
— uasahusaudaelalaaled Component Vector

;,pP




Position Vector way
Addition-Subtraction using
Component Vector

A=4i+4,j+4k,B=Bi+B,j+Bk AtB=(4+B)i+(4,£B,)j+(4£B,)

w I a1 o4 a . u-' 1 =l L

GEITIRN A” ,B” (1111611 Sealar na12ABILH Magnitude U9 Component #1435 UUARZLINN TﬂEﬁTﬂ'ﬂ Origin V84
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Coordinate E]g“ﬂﬂﬂﬁllﬁﬂ“ﬂﬁ]ﬂ Vector 14A381HL5 1580 Vector 113119 1ﬂ'ﬂﬂﬁ'ﬂﬁu(ﬁ§laﬁg}”lﬂﬂ»‘i'ﬂ’lﬂ Origin) iy

Position Vector
Position Vector: I' = position vector of P(.T vIo)r=xi+yj+:zk, ‘l‘ = \J."Ixz T }»‘2 +2°

NMA=Ai+4j+ A4k wz:B=Bi+Bj+Bknld
A+B=(4 +B)i+(4 +B,)j+(4 + Bk

Distance Between
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Any vectors In Cartesian
Coordinates
e Glven 2 Points, P(x1,yl,z1) and
Q(x2,y2,22)
— PO =(x2-x1)i+(y2-yl)j+(z2-z1)k
— Also magnitude or length of vector Is the

distance between those 2 points (Euclidian
Distance)

e PQ = V(x2-x1)2+(y2-y1)2+(z2-21)2
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Direction Cosine/Ratio

e Vector & usatdautilugavaruldsgnau

A=|Aa

—AU1A §1U15011 16918 Asel Position Vector

— NANIY Aa Unit Vector NANEANIILAEIAUNL
Vector 1Uu

e iy fsawantilu Component Vector vuiaiag
wnulase

e MANIRUITAMKRUAGIANUNAVINAULARSLLAU AR

Magaduuudl &UWUSAUNIINITNUTLA TaAITANKRUR
faeA1 Cosine waduu 13en Direction Cosine




Direction Cosine

e Position vector OP
— Magnitude equal to OP = Vx2+y2+272
— Direction: cosal+cosf3j+cosyk
e Called Direction Cosine

F=0P= Fi+ F j+ F.k = OPcosai+ OPcos fj+ OPcos )k = OP(cos ai + cos fj + cos k)

We have
cosa—=F,/0P
cosp=F,/0P




Products of Vectors

e \Vector Product
— Scalar Product(DOT)
— Vector Product(Cross)
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Scalar Product(DOT)

Scalar Product: AeB = 4Bcosé, 22114 Scalar Quantity 32113 Commutative AeB=Be A




AUENLA

Scalar Product (DOT)

I

\

¥
e84 Vector A9R 1NN, Perpendicular: € =90°, AeB =0

2

M&83 Vector 1UAY, AeB = 4B nsdifimu Ae A=A =|A] = 4°=5q

P
\
Magnitude /
AeB = 4(Bcosf)=(A4cosH)B =4 g Component 191 B Tunanves A=B
A% Component 194 A Tufiemisves B uazdn 1y m il Unit Vector Tudiamaniia 15102

14 A en = Acos® 11l Component 193 A '114%111&1??14 >

Ae(B+C)=AeB+Ae(C

iej=—jek=kei=0uaziei=jej=kek = lfﬂwum >
A=A4di+A4j+AKk uazB=Bi+B,j+Bkunla

AeB=AB +AB, + 4B,

AeB |

cosé =

iEx. HHTEHINADI Vector A=i—j—K,B=2i+j+2k

e



Scalar(Dot) Product




Scalar(Dot) Product

— Ae(B+C)=AeB+AeC
— Let A = a,l+a,J+azk, B = b,I+Db,J+b;k
 We have AeB = a,b,+a,b,+a;b,
— Also cas@:ﬁ
— Given S=al+Dbj, the equation of line
perpendicular to this vector is in the form

e ax+by=c

Line ax+by=c

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

-
-
-
-
-




DOT Product

Geomefric Application:
1. Ejji‘Jﬁ Pythagorus’s Theorem (.‘2 =da . + bz
2. ﬁg%ﬁfosille Rule CE = r:rz —I—bz —2abcosC
3. maumsduasann P(x, v) Sanfuduiiinma s = ai + bjuaztiuga A'(x",y")
ldaumsax +by =c=ax'+ by’
4. YWTTHN SCRGUN BRI
5. 381991098 P(x, ) lgadudifmue ai + bj=c

- 1 P 2
6. @UN15984 Plane lA8A1HUA Normal Direction a LAz Plane F1uyn B(OB =b) o
¢

= o

1% P danlasus Plane uay OP =1 15714 BP 08t Plane tazfaniniu a 137
T8(r—b)ea=0 s

Mr=xi+yj+zKk. b=0bi+b,j+bk, a=ai+a,j+ak mannsom
aum5184 Plane 18150 a,x + a,y + a2 = a,b, + a,b, + asb; = ¢ ¥4fl Coefficient

WAL C omponent lua




Example

e Find the angle between the vector
— A=i-j-k and B = 2i+j+2k

e \We calculate AeB = 1.2-1.1-1.2=-1
e Also A = V(1+1+1)=V3

e Also B = V(4+1+4)=3

e Then Cos 6 = -1/33

— 0 = 101.1 degrees




Vector Product (Cross)

Vector Product: A xB |

£l

ol
i) AxBaazdmnnuni A uazB.

(i) Magnitude: |A xB| = 4Bsiné,

.:: o = .:: ! =
(iif) 3J31N3 2911 Az NANIWDY Vector 1 1092111 11/A11 Right Hand Rotation

A«B
e




Cross Product

ﬂ UFANLAVDI Vector Product:

1.

| g

Lad

A

8711 1304 unit vector 19 AxB11ld AxB = 4ABsin@nuaz

Bx A= _4Bsinf&(-n) ﬁ'dﬁma @3 AxB=-BxA \

drisares Vector WY A x B = 0 §1 Vector udazAd linihiugud /

H1iise04 Veotor Aanni A x B = 4B i

ixi=jxj=kxk=0ixj=k jxk=ikxi=j,jxi=—K,...

Ax(B+C)=AxB+AxC

A=Ai+Aj+ Ak, B=Bi+B,j+Bk

AxB=(4,B, -~ 4,B))i— (4B, — A,B)j+ (4B, — A,B)k dsusnadla
i K

AxB=|A, A, A

B, B, B, |

111 Magnitude

-_——

[B+]
M

. 4 ga 4 4 o
A x B| = ABsin 6 Fsnfafiuiiues Parallelogram fifliutlsznaudy

94 Vector A9NA17
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2 3 o n kX -1 [ a -1 1
maoy 11031 1.23 Mvuaduasalaaoaiea BO uar RO, vazidudiminiuduas sisaosiugg R

3 LY ' P & =
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104 B uaz P, il 1y uaz r, awddy Al la
14 2 T4 2
-] e = I. i-‘l
111 Scalar Product iU W 19837173 157118
neu+ARu,eu=1,*u+ R0, eu—RRueu
" ar f e c[ 1 s
ud ueu=1 uaz u; eu=u, ou="0 Auiu saGaauni iz 14
RFh =(I :11)-11
iieantn u mmnﬂum u, uazu, ﬂ:1wmw:ﬂmaﬂuwﬂmwaq 1, xuimuumh

RER. z‘{l'z —1)e(u <u,
o ‘ u, >, |




3 Vector Products

- (BeQO)A=7A

- Ae(BxC)=Be(CxA)=Ce(AxB)uhAvud51nas Parallelepiped tazannsaiizu i

4 A 4 /
Ae(BxC)=|B, B, B,
c C G

- A x (B x C) 50 Vector Triple Product 13113130731l 1691 Ax (BxC)=(AeC)B-(AeB)C |




Examples

e Let A=21+3j-k, B=I1+]+2k
— AeB =2+3-2 =3
— AxB = (6+1)i-(4+1)j+(2-3)k=7i1-5j-k
— AxB Is orthogonal to both A and B
e Test : Ae(AxB) = (2i+3j-k)e(7i-5j-k) = 14-
15+1=0
e Test : Be(AxB) = (i+j+2k)e(7i-5j-k) = 7-5-

2=0
A@‘

\




Plane Equation in 3D

e Tu 2D &unstdunsaazld general Form
— Ax+By=C
e Tu 3D &un15uay9 Plane agdl General
Form
— Ax+By+Cz=D
~ D fludraei nagaunislugiifendu weia
D a9y agtduszununuuiudu
e 3x-2y+5z = 3 agAUUNU 3X-2y+52 = 6




Example 1

e MuUuUaUNITUAY Plane 2x+3y+22 5 9
W1 unit vector Mgvanafu Plane 1

— finum 3 3n Aa A, B, C il

— A: x=0,y=0, 6911 z=5/2 > A(0,0,2.5)

— B: x=1,y=0, e‘i’oﬁ?uz (5-2)/2 > B(1,0,1.5)
—C: x= Oy 1, f9tiu z= (5-3)/2 - C(0,1,1)

— Vector AB x AC a¥'lé Vector Migaarniy
Plane

A@‘

\




AB=i-k, AC=j-15k

i j K
ABxAC=[1 0 -1|=i+15j+k
0 1 -15
TP i +1.5j+k]
J4.25

- datneinnng Yector iy multiple 2a9
21+3]+2k azaaannnu Plane 2x+3y+2z=k
l&ua 1aani k iduananilng




Example 2

- IUNANNTTUAY Plane 7idoarndy Vector
3i-2j-k uazAmualvaa (1,1,2) aguu
Plane 11y
— AMatvnaY 1 ldaun1suaY Plane iy
3x-2y-z= K

— 1A Kk Taaunuaiye (1,1,2) aslu
gun1savll 3(1)-2(1)-(2)=-1=k

— fotiugunIsAsasnsaztily 3x-2y-z+1=0
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Definition of Matrix

. . = af -
7 m Matrix A 131580 Matrix A 3] orders 71 m $01)32080A19 Armay vasinaw a;; Feulugl

a1y a1z o dyy

G371 daz " oy

Au1 Au2 7 Ay




Row Matrix, Column Matrix

\

Row Matrix 39 Row Vector 3/ | Row 141 B = [bl bz a 1)3 ‘,] 1114 Row Vector Y113 11
Column Matrix ﬁ'ﬂ Column vector ﬁ [ Column L‘ﬂf‘u Column Vector 1@ 71X 1

(




Basic Operations

Addition&Substraction:

]
=r- 1w =1

o o | e
i 13d 50 Matrix 75 order o111 TipgianiAdh Commutative uaz Associative o A + B =B+ A uas
A+(B+C)=(A+B)+C




Matrix Multiplication

Multiplication:

A5 AUY83 Matrix 111981 A @ B (4 dot B) 430 AB | uazd C=AB 1511d

n
C{-}- = Z (:fﬂbﬁ
I=1

o o o A s Bl 1 v g 1]
3 ﬂm'ﬂﬁ'ﬂﬂdﬁﬁl@ﬂ d84911 Inner Rule 'ﬁﬁ]'ﬂ WIUUD column V83 A 92ABININVNIUIUYD row VD1 B il
¥ I 1
A=mxn,B=nxpinzlad C=mx p Matrix M3An81 Matrix 3z 13l Commutative (AB # BA) sz
Associative (1azDistributive N1a179 A(BC)= (AB)Cuaz A(B+C)=AB+ AC




Sguare Matrix

Square Matrix/Matrix Power:

y = = - w I o w = y
01 Mateix § order A = X 11 159500 Mateix. A 79803 square mateix, §310A71715999 Mateix 2zt 1/ 19

v 1 E I )i 3
19150 Square Matrix 17931 3 AeA=A"AoAoA=A"




Matrix Transpose

Transpose:

= = X 2
Transpose (UM31anA8H column 1Az row Y93 Matix, M A = (a,,, ) — AL = (a,,,) Mluruduuan;
. 4 = ¥
Array Y99 Elements 183 Matrix ¥3 013 130 1oy

ay dip o A4y

(a1 dzp -+ day

Ay A2 7 gy |

faguna A+B)  =AT+BY, (AB)! =B'AT ez Al = A




Types of Matrix

Symmetric/Skew-Svmmetric:

=4 = Y

.oq_ = e T = . E 1o L T =t
1 Square Matrix laziaant A = A 515380 Matrix Y100 Symmetiic, lupsaiion A™ =—A 15115en
Y
T I~
Matrix 11171113 Skew-Symmetric
. . - a [~ I = 3 ‘ =1 a
Real square Matrix(Matrix 115218173 Elements 11aA11591ua) 1o7) annsodienlalugiianinuad Real

Symmetric 11 Real Skew-Symmetric Matrix




Types of Matrix

\

=t = ¥ 4
Complex Conjugate U8 Matrix A dowin A Hi A= (nm”,) 514 ~\ ( Hm) A0 Element ajj UB

Complex Conjugate:

2 : ] Ko Fo :
Matrix Ay x + IV, 1511 Element bU- 194 Matrix B=A 11l jj 130X — Jy




Types of Matrix

2.3.3 Hermitian/Skew-Hermitian:

LErEY

. = o -:v:. :E{T = , 1 =t o . 1 = \

Matrix A ﬁ]ﬂ'ﬂﬂlﬁi]ﬂ@l laon A=A 15145 89 Matrix A ’.J’IHJ‘IJ. Hermitian Matrix. !!%]ﬁWlﬂﬂ /
5#‘?_ =1 ) = . .

A=-A 31921380 Matrix A ’J]HJ‘L! Skew-Hermitian Matrix

1 #] = =1 1 2 = H s . . o s H
A1 AT Weudnedaniiadly A” uazd 13y Hermitian Matrix 157 laaaandd A= A

L]
=N =K

1un 3N Matrix JUAA153 A1 C onjugate UDI Matrix 9z l3i1Aeu ey Hermitian Matrix/Skew-Hermitian

Matrix 92 1IANUHINGASINUNL Symmetric/Skew-Symmetric Matrix




Types of Matrix

Diagonal & Trace:

==t 1 . . i = 4 . . = 1
Square Matrix A MIiludA1 (a;;) .7 = juay Elements dudluguddiai # j 15758n311)u Diagonal Matrix,
diag(}‘l) N3N8D ARV Elements 13 Diagonal 199 A

; o o =
trace(A) W3Ne8IHAaT IV Elements 11 Diagonal 483 A (A liidniludouily Diagonal Matrix)

= =iz ' e o
Tridiagonal Matrix Y11118104 Square Matrix 113 Element ﬁu*] 1l A8 UBNIN Diagonal Element LAz

Element ﬁElf_:I"LIHLsziNEUEN Diagonal ’




Types of Matrix

Identitv Matrix:

-'i-I =: =\ I -'f .:& jf =\ :f
| 51 Square Diagonal Matrix 113/ Elements 1y Diagonal 1y “wily” Nanua, 1ien 1y [dentity Matrix L8

w qy ; o w I ]
inve lymiasmine < uny danan AI=TA=A wa: I =1

Zero or Null Matrix:

=1 o o a
0 1158 Null A9 Matrix 1 Elements )70 311 g




Matrix Inverse

\

=t —] = was — — — 20 a 1o
Tuverse 99 Matrix A fon A Tmitiilaoi AA™ = A7 A =Tuaz A e l3fdaile A lidh

Singular 130 det(A) # 0, auauiiind iy (AB)” =B~A™




Orthogonal/Unitary Matrix

\

1 Marix A figandii AT = A wdo ATA =X, 1un A i Orthogonal Marix, 1 h

= % — i st 3
AT = ALt ATTA = Lisfonh A (i Unitary Matrix




Orthogonal Vector

Orthogonal Vector:
ay b
ap by
0 Vector a03@2de A= “| B=|
Ay | _bﬂ_

-dt' =h
L1812 Scalar Product U941 A uaz B s nvau

ATB = ajby + arby ++++ + a,b,, = Scalar Product
Tunsain A uaz B Orthogonal A, 1319218

A.TB = ﬂlbl + ﬂ'zbz + - ‘l—ﬂﬂbﬁ = 0,




Orthogonal Vector

Tunsain A uaz B Orthogonal i, 1519214
ATB = Hlbl + {?zbz + e ‘|‘{?Hbﬁ = 0,

‘ =1 ﬂE:f b Gy EL
lunsalued Complex Vector(Md A taz B ), 81 A orthogonal AU B, 15114 A Ig-o.
( j # ]( ) !

0

o - =1 LN -8 - =1 1 G =t =t

01 Vector Set Xq,X7,... Iguauua X j-T X, :{ o 151136 Set Y93 Vector 1Y Unitary Set, . 1un3 ol
J=FK

L

y
a1 = =l 1o
XI- 1A1979(real), 15581 Set DI Vector ¥ 114 Orthonormal set (W 130 Orthogonal set U8 vectm‘)

f191 Orthonormal 438 Unitary 3z 14118 Magnitude 193 Vector fanamiimuAumis




Examples

3 5
2 6 |isasquare matrix of order 3x 3, A is alsoa symmetric matrix
6 4

— 6 |Is a square matrix of order 3x 3, B is also a skew - symmetric matri

Is a diagonal matrix, Diag(C) ={1, 2,3}, trace(C) =1+2+3=6




Examples

Is an upper diagonal matrix

O
Il
o O N
I
A~ W

I
—
o -
— O
I—
w_

I
o O B
o - O
— O O




Examples

For any matrix A we have AA" is a symmetric matrix, A'A is also a symmetric matrix.
proof : From(AB)' =B'A" we have (AA")" =(A")' A" = AA"

0 0O
F=/0 O O0]isazeromatrix of order3x3
0 0 0

G=[0 0 O0]isazerorow vectorand H=|0 |isa zero column vector




Examples

K =3I —2j+ 4k can be written in matrix formas| - 2

L = 2i + j—k can be written in matrix formas| 1




Examples

10 -1 P4

M=[2 1 1| N=/-% 1 2|

01 -1 |3 hd
1 0 -1+ L 1| /1 0 O]
wehaveMN={2 1 1 |-+ + -2/=/0 1 0
01 -1)|-+ + 2 0 0 1

We can say that M = N™*and N = M since MN = 1.
If matrix is diagonal, the inverse is just the matrix with
reciprocal of diagonal elements and is also diagonal.

- 1 0 0] 1 0 0
. or example,O=|0 2 O0|thenO™*=|0

00 3 0

o

O =

w|—



Examples

cosé siné |, .
P=| IS an orthogonal matrix since
—sind cosé

4 1 |cos@ —sinf
P"=P =| | , We can see that
sing cosd
opT _ cosd sing | cos@ —sing
| —sin@ cosd | sind cosd
| cos?@+sin?e —cosdsin @ +sin & cos O
—sin@cosd + cosHsin g ccos® @ +sin® 6

10 for any angle @
0 1 yang




Determinant

¥
=i

] q V= o) ¢ =4 --='I3.I q 3 s
A1 Determinant Y81 Matrix 813130 1iHen lavianauuy luniaid 1519214 Recursive Definition 6131

Fh Determinant U893 Matrix @ 1119 1x 1 1ﬁﬁ EI’Iil"J"Iﬁ'Fl"I!“l"I"Iﬁ"].I'Fi’I Scalar @ U@z Determinant U84 Matrix

-_-i”
Avva nxn ﬁ’lil’l‘é’ﬂ“r‘i"lhlﬁﬁﬂﬂ
n
det(A) = > (=1)""'a, , det(A, )
j=l

o -=|:. d 5'.-' :: .:'!1' -=':. w -='!1'
laon A, 1 Matrix 1@ (7 —1) x (n—1) TaannsavunINnmiil uaz Column 1 7 U9 Matrix A 990 %3
)

1 -=':. 3 = &
17 Determinant 1 Lln’?"l VN8N Minor 194 Element @, . 1u Matrix A




Determinant of Matrix

e Glven square matrix, determinant of a
matrix A written |A] is defined by
recursive equation as

det(A) =|A| = Zn:(—l)”" a; ; -Minor(a, ;)

= Zn:(—l)”'aj,, -Minor(a,)

— Starting from [a,,;] = a, and det(a)=a

;‘@‘

\




Sign Matrix

e Given matrix A of order nxn

— Sign matrix of A Is the matrix in the form
B=[by]=[(-D*]

Ay A, (=1)
Ay 8y Ay, (—l)3 (—1)4 (_1)n+2
A= : sign A=|

oooooo




Minor a;

e |s the determinant of matrix A after
taken out row it" and jt column.

_I
it
® w1

» O
AN

1 QO
&

N w IEJ
[N [y [EEY
|

o1
ity

35

a'45

a‘55

1
—2
3
4

2 -3
3 4
—4 5
5 -6
6 7
2 4
—4 6
5 7
8

£

4
-5 6
6 —7
/ 8
8 -9
5
-7
8
-9




Cofactor a;

 Cofactor a; Is the minor a; with the sign

according to sign pattern

Matrix of cofactor of A Is the matrix B

which each element bj is the cofactor

Ex. A=

—~

A@‘

\

~N AP

co O1 DN

O O W

,Co(A) =

5 6 |4 6
89|_|79
2 3

SR
2 3 1 3
56|_|46

13||

4 5
7 8

1 2
4 5

1 2
7 8




Determinant of 2x2 and 3x3

Determinants: |A|

a

11 2|
— {10y — Uy Ay

dy Ay
ay Ay Ay

|l dyg y,  dy ty Ay
Ay Uy Uyl = Ay — Ay +dy;

Ay Uy (3; Ay as; iy

y Uy iy

L

= a,, - Minor of a,, —a,, -Minor of a,, + a,; - Minor of a,
= dy (ﬁzzﬁﬁ —ay,0,;) —ay, ("3"21”33 — ‘5?31”23) Tdp, (nzlﬁzz — 30y,




Calculation of Determinant using
Recursive Expansion

det(A) =|A| = Zn:(—l)‘“'aLj -Minor(a, ;)

= Zn:(—l)”' a;, -Minor(a;,)
j=1
a b

al=a, —ad —bc
c d
a b c
d e f:ae_ f—bc_l f+c(?I E_l
ik ] K Ik I

=a(ek — jf) —b(dk —if ) + c(dj —ie)
= aek-afi —bdk + bfi + cdj —cei, first row expand
a ¢

f jla ¢
+€. — ]

1 Kk 1 K d f
=—-b(dk —if ) + e(ak —ic) — j(af —dc)

= —bdk + bfi + aek — cei — afj + cdj, second column expand




Calculation of Determinant using

Recursive Expansion

det(A) =|A| = Zn:(—l)‘“'ai,j -Minor(a; ;)

=Zn:(—l)j+' a;,-Minor(a,,)

A4

Ay,
s
Ayy

D

a'21

—a;,|a

31

a41

a'23
a33

Ays

a24
a34

a'44

+ dg|d

Complexity = O(n!)

—ay




AU EAAY Determinant

1 1 1 5 =1 2 (== = =1 =]
A1 Determinant 494 Matrix 9x1U4U91731 Matrix 111U Sin cular w301y Taei Matrix 2211/ Singular 1
A9119A1 Determinant ﬁ?‘i’lm"n’i"uﬁu{i
winanwlunsaivaszleedua

a ¥ e
Determinant 493 Matrix A 511saiaswing det(A) wio |A

AUA Magnitude U843 Vector W30 Scalar
e LfluA1 Scalar N&AUNFATILILAA
AURNUAUDY Square Matrix




ALRNUAUaY Determinant

. C

.

. C

A e fad | =

.

C

et(AB) = det(BA) = det(A)det(B)
et(A") = det(A)

et(aA) = a” det(A)

et(A") = det(A)

et(I) =1




ALRNUAUaY Determinant

o o= o & 1 g 1 1 ar 1 =
6. 11UMTaaL Row “r’i"“:’él Column 71 Determinant lﬂil'ﬂ Ny — 1 'lei]J.ﬂ]l*’ﬂiJ

3 = - 3
7. 91 Matrix A 11y Singular 130 Linearly Dependent i wzla A

r
o -='%I 0 q @ \
=0 audannsoinly
- . . ¥
NATAY Non-Singular Matrix 1a /
¥ g &1 g ] 1 ar A = =] . = =4 ar
8. 01U871a%39 Column 1AUa3 Matrix H"Hﬂ‘j_l‘@;uEJ HIiuaadln¥I9a9d Column NYaUN
2 o o 1 ar [ i = "
13 ’E]lﬂ‘l-i_'{l 1INV DINU 81 Determinant 9 EL‘IJH*EJT‘HEI

1 = a ‘ = g 1 = = T
0. dus1gama iiduuadla 139 Column 1Av83 Matrix A1 Determinant 71 A9zl ud 1471
¥

WUPIATAINNUAUAT Determinant LA
¥ ¥ . 'y o e 1 = ¥ = . = o_ .
10. D13 185 19 Matrix 133 "lﬂmnﬂwmﬂ1-ﬂ~ﬂ-ngmmmm %38 Column ¥ialasimsulnay

ALLDT 179 Column 7113188 A1 Determinant Y89 Matrix 11192 #3A 3191101 Matrix 161




a21

a‘31

a41

det(A) = |A| = Z (-D"a;

=L

—Z( D)"'a,

w
N

Q
N

Calculation of Determinant

w
w

w
w

w
~

w
n

(Algorithm)

‘Minor(a, ;) complexity = o(n!)

1 ~Minor(a;,)

d1131nau Column wialu Element ‘qum(maﬂaau
Asasnrsuenadluduauuaaniiu Element wfien
IAzAILAAINNITAILIUUT Determinant uag Matrix
Afuunanasnil

aZl a23 az4 a21 azz a24 a21 azz a23
_ a12 a31 a33 a34 + 313 a31 asz a34 _ a14 a31 asz a33
a41 a43 a44 a41 a42 a44 a41 a42 a43

AsIINALGINANEAINaNNT faviiunadnsazlignsad

1z ldauaulfiza 9 uay 10 uay Determinant LtWanIEinAVARN



. . al
Algorithm A1511 Determinant
p—"| Y = a
HUszaNEAN
- ldpauaniifida 10 Hudura 9 wWaasrailu Algorithm
— 1. 129w Element Tu Matrix Aiidnvindu 1 ervn'lai'le tdan
Element 1aA'le mnuumsmum mamsm Column eae
w29 Element ffutiavinlva iy 1 mmmmmmsuua”maa
nduinuaAuA1aauls lual Determinant Asiagns
(AauguA2a 9)
— 2. WANTa1NY Expand wuuwaIUIa Column w1y Element

\dan anniudA1da Element duluwulii Expand (Hueueilv
nua(naugNifza 10) suumstdan Element a(x Y)

 613% Expand wuuwand Tyunau Column dudu Column 7
KU Element Audan tialu Element TuwaIag Expand
duaueianua anviu Element #vdan

— Col(j) Tnna = Col(j) a1 — a(x,j)*Col(y); j = 1,2,..,n antiu y

e 0N Expand Uy Column Wmﬂanumaunuu,mmmu

=L Element Wdan vialu Element Tu Column fiag Expand

Huaueianua anviu Element #vdan
— Row(i) T = Row(i) tA1 — a(i,y)*Row(x); i = 1,2,..,n aaLiu x




Algorithm n1511 Determinant 7
JUsgaNann(na)
— 3.7i1n19 Expand aUFAT L31ZaILaLRAIE

A1541 Determinant aav Matrix MiAuU16
AAAINUILNEIATILA LD

_ 4. 58fawnsavinilu Recursive 1iaanns
11 Determinant aav Matrix aualiial
LARALLANITIN Determinant uav Matrix 2x2
1198 3x3




A191A1 Determinant

Example 2.1 33%1 Determinant U84 Matrix

-3 2 2 5
3 - 1
3

-2 -1 &=
\V

o0 O

I I

(ad 2 =
I

Lo

3

o q ¥ o = oy W = . = q Y=t = 2 o

RGN L‘é"l%lﬂfﬂmﬁiﬁjﬂﬁlﬂ 10 NNA11190 1 1ae Matrix 4929 1. 3 uaz 4 143a119 Column 1 3 111 fud .
o 1 -=I. :& o 1

PINHHK AT Determinant @13 Column 31 3 'ﬂ*liﬁ'ﬂI‘a‘*ﬁﬂu'ﬁu'ﬂxﬂﬂﬁ&mﬁﬂﬂﬁﬁ"I‘FI’I Determinant U849 Matrix 24119

LY
3% 3 iy

1578519 Matrix B 910 Matrix A Iae

k) "='I- ‘5& 1 o -='I. ar =1 .:& =
¥ IﬂLLﬂ'J‘I“I“r’Ii—HUII‘TlI'mﬂﬂ’ITLI’I -2 deﬂJ_.LLﬂTﬂﬁﬂﬂ LI“IJ‘I_I']'II'ﬂ']_ll!."E.'I'.J‘I-“I'“r"I‘l—IJiIlfﬁ]'iﬂl

a -='I- 1 o =: o -=-I. :& =
gi1quadna 1 lviannsui -3 fl]ﬁuLLﬂ?]"I'IﬁE]ﬂ LI‘IJ‘I_I'.;I'ﬂﬂ“l_ll!.‘ETI'LI‘IFI‘I’I‘lJ.nﬁIl'FI‘ll

=t =t . 2 =t @ S
ﬁ‘ijIﬂLLﬂTﬂﬂuIﬁiJ'ﬂ’lﬂﬂﬁu1 4 AUUDINTD Tuanfutaiiviad

Determinant U89 Matrix 11133241171 Matrix (A3 1ta9zf s 0en1@131081151 Expand @13

y

3 691

L. =

—_—

Column ¥



9 4 0 -3

3 -1 1 4
B=

3 1 0 -5

120 -7 0 18

-9 4 -3 34 17 ]
) 3 17
Bl=-1-3 1 -5=-10 1 0 |=-1 =34
-1 -17
20 -7 18| -1 -7 -17

Fana31 1141511 Determinant Y93 Matrix 3 x 3 Tuussiafiaod i1 1d3imadnlumsangy vaziins

Expand 141004

T 1

o gy g . = LT o dﬁ' =1 1 1 ar :& 13 1y 1= [
'ﬂTl'Tl!l']ﬁ'ﬂﬂﬂﬁHﬁ’liﬂﬂﬂﬂ’lhlﬂﬂ’llu Matrix i Element ﬁl’ﬂ*ﬂﬁﬂﬂ‘u JUATNINUH A LADN lllll Element 1ﬂ
1 oo = ‘ 4 4 4 4o & a2 4
i WINUHI U 1318373 0L Factor Llﬂﬂ*ﬂl!ﬂ?“r’i’i—!d 138 Column H08NIN l%’iﬁ]lﬁ Element ﬁﬂ»ﬁlilﬂuﬂﬂﬂﬂﬂ L

1535msdana 1 udedduaaA Factor usnasnlunadniin 1d @amaviade 9)



A191A1 Determinant

sl o 1 o U g .= o o g 1 ar 4 13 1 o= ‘
nisIABAINanaNg a1 1aa11u Matrix 1 Element A11aA 111 8IA 1AW 9 1011313 Element 1a
[ b ¢ .. 4 =4 a4 g W £ oaa 4
EMAUHIA 13181303018 Factor A 1ALA1114 1130 Column 111499731 1119 111 Element HilaliA D U114 (1az

1§35m3dana1n udeddugae Factor Muenaen lunadnii 1a (gauayiinde 9)

=l .:ﬁ 1 :.
1 Matrix 1Ju Diagonal Matrix 199 U] pper Triangular 1139 Lower Triangular (A8 1A Element AT3874A1

| 1 g W I o i
N7 Diagonal ﬁ'ﬂﬂi»ﬂm 04171 Diagonal nJugmemm f1318701J) A1 Determinant 8131139 1 lade

11 NUAAAD3 Element 11 Diagonal




Inverse of Matrix

2.5 Matrix Inverse

2.5.1 Matrix Inverse:

y

A Matrix A 71 111 Singular Matrix 11999391 Matrix B 715t AB =BA =1 daiy

-:-It o | —
Matrix B 711370 Inverse Matrix 193 A nanda B =A™

¥ ¥
9 o =) voow aiy ¥ w 1w
01 Matrix 11 Singular 92 113 Tnverse A9 Tnverse 9211 1Ad 15 Non-Singular Matrix MUY tay

Inverse U849 Matrix 32 Unique




Inverse of Matrix

o I 2 ol ) W 1
N300Iz 1AYa1e7s LA

q ==t LI q 9 =4 I o
- 14359119 Numerical Method %% Ia 814 Gauss-Jordan Elimination( 921384 lumevias )
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Matrix Norms
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